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Abstract. Given an action of a complex reductive Lie group G on a normal variety X, 
we show that every analytically Zariski-open subset of X admitting an analytic Hilbert 
quotient with projective quotient space is given as the set of semistable points with 
respect to some G-linearised Weil divisor on X. Applying this result to Hamiltonian 
actions on algebraic varieties, we prove that semistability with respect to a momen- 
tum map is equivalent to GIT-semistability in the sense of Mumford and Hansen. It 
follows that the number of compact momentum map quotients of a given algebraic 
Hamiltonian G-variety is finite. As further corollary we derive a projectivity criterion 
for varieties with compact Kaehler quotient. 



1. Introduction and statement of main results 

Based on the fundamental work of Guillemin-Sternberg IIGS82L Kirwan ||Kir84| , Mum- 
ford, and others, momentum geometry has become one of the most important tools for 
studying actions of complex-reductive Lie groups G = on complex spaces. Given 
a Kahlerian holomorphic G-space and a momentum map ji : X ^ Lie(J<C)* with re- 
spect to a K-invariant Kahler form cv, the set of ji-semistable points X{}i) := {x S X | 
G • X n 7^ 0} admits an analytic Hilbert quotient, i.e., a G-invariant holomor- 

phic Stein map n : X{}i) X(f/)// G onto a Kahlerian complex space X{}i)// G with 
structure sheaf ^1-1'^,)//^ = in.&^fj^^^')^ . see llHL94ll . IIHHL94I , and | |^i95| . IfXis projec- 



tive algebraic, and if the Kahler form io as well as the momentum map }i are induced 
by an embedding of X into some projective space, both the set X{}i) of semistable 
points and the quotient X{}i)//G can also be constructed via Geometric Invariant The- 
ory (GIT). In particular, the complex space X{}i)//G is projective algebraic, and the 
map tt: X{}l) X(f/)//Gisa good quotient in the sense of GIT, cf. IMFK94II . 

However, already on projective manifolds there exist many Kahler forms which do not 
arise as curvature forms of ample line bundles. From the point of view of complex and 
symplectic geometry it is therefore natural to study also the semistability conditions 
induced by these forms and their relation to the algebraic geometry of the underlying 
G-variety. Furthermore, especially when studying questions related to the variation 
of GIT quotients and applications, e.g. to moduli problems, one encounters interesting 
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phenomena related to non-integral Kahler forms, even if one is a priori interested in 
ample line bundles. See |SchOO| for an example related to moduli spaces of semistable 
sheaves on higher-dimensional projective manifolds. The above discussion motivates 
the following definition: an algebraic Hamiltonian G-variety is a complex algebraic G- 
variety X together with a (not necessarily integral) K-invariant Kahler form co and a 
K-equivariant momentum map }i : X \Ae{K)* with respect to co. 

Under certain mild assumptions on the singularities, it was shown in IIGreOSal that 
compact momentum map quotients of algebraic Hamiltonian G-varieties are projec- 
tive algebraic and that the corresponding sets of semistable points are algebraically 
Zariski-open. This already is quite remarkable in view of examples of compact non- 
projective geometric quotients of smooth projective algebraic C*-varieties constructed 
by Bialynicki-Birula and Swi^cicka [BBS89|. 

In this paper we show that momentum map quotients of algebraic Hamiltonian G- 
varieties have even stronger algebraicity properties and we give an essentially com- 
plete picture of the relation between momentum geometry and Geometric Invariant 
Theory for Hamiltonian actions on algebraic varieties. We conclude this introduction 
with a summary of the main results and an outline of the paper. 

Theorem 1.1 (Algebraicity of momentum map quotients). Let G = he a complex 
reductive Lie group and let Xbea G-irreducible algebraic Hamiltonian G-variety with at worst 
1-rational singularities. Assume that the zero fibre pi^^{0) of the momentum map ji : X ^ 
Lie(K)* is nonempty and compact. Then 

(1) the analytic Hilbert quotient X{^)//G is a projective algebraic variety, 

(2) the set X[}i) of pi-semistable points is algebraically Zariski-open in X, 

(3) the map tt : X(^) X{}i)//G is a good quotient, 

(4) there exists a G-linearised Weil divisor D (in the sense of l|Hau04| ) such that X(^) 
coincides with the set X(D, G) of semistable points with respect to D. 

Parts (1) and (2) are already contained in IIGreOSal , and we have included them here in 
order to convey a complete picture of the situation; the main contribution of this paper 
is part (3). Theorem ll . 1 1 generalises results proven by Heinzner and Migliorini [ HMOll 
for smooth projective Hamiltonian G-varieties to a singular, non-projective and non- 
compact setup. Note that Theorem 11.11 applies in particular to Hamiltonian G-varieties 
with proper momentum map. 

A variety or complex space X is said to have only 1-rational singularities, if for any 
resolution of singularities / : X — > X the sheaf B}f^&^ vanishes. The class of com- 
plex spaces with 1-rational singularities is the natural class of singular spaces to which 
projectivity results for Kahler Moishezon manifolds generalise, cf. | Nam02L Further- 
more, it is stable under taking good quotients (in the algebraic category ||Gre09al ) and 
analytic Hilbert quotients (in the analytic category |Gre09bt ). 
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In Section [TT] we construct a Kahlerian non-projective proper algebraic surface, see 
Example 111.31 which shows the necessity of the assumption on the singularities in 
Theorem ll.il To the author's knowledge this surface is the first example of a Kahlerian 
non-projective proper algebraic variety in the literature. 

Theorem 1 1 . 1 1 above is deduced from the following main result of this paper: 

Theorem 1.2. Let G be a complex reductive Lie group, let X be a G-irreducible normal alge- 
braic G-variety, and let U C X be a G-invariant analytically Zariski-open subset of X such 
that the analytic Hilbert quotient re : U ^ U//G exists. IfU//G is a projective algebraic 
variety, then 

(1) the set U is algebraically Zariski-open in X, 

(2) the map 7Z : U ^ U//G is is a good quotient. 

In fact, large parts of the statement of Theorem ll.2l still hold under the weaker assump- 
tion that that the quotient LJ//G is a complete algebraic variety as will become clear in 
the following outline of its proof. 

As a first step we prove in Section |6] 

Theorem (Openness Theorem). Let G be a connected complex reductive Lie group and let 
X be an irreducible normal algebraic G-variety. Let U be a G-invariant analytically Zariski- 
open subset ofX such that the analytic Hilbert quotient n : U ^ U//G exists. IfU//G is a 
complete algebraic variety, then U is Zariski-open in X. 

The main tool used in this section is the Rosenlicht quotient of X by G, cf. Section lSHI A 
similar result has been proven by the author for Hamiltonian G-varieties and projective 
quotient spaces in MGreOSal Thm. 2]. 

As a second step we prove algebraicity of the quotient map in Section[7l 

Theorem (Algebraicity Theorem). Let Gbea connected complex reductive Lie group, let X 
be an irreducible normal algebraic G-variety, and let U be a G-invariant Zariski-open subset 
of X such that the analytic Hilbert quotient n : U ^ Q exists. If Q is a complete algebraic 
variety, then the quotient map tz is algebraic. 

This result is new even for Hamiltonian actions and quotients of semistable points 
with respect to some momentum map. For the proof we construct an algebraic family 
of compact cycles from the group action and investigate the interplay between the 
associated map (to an auxiliary Rosenlicht quotient) and the quotient map n. 

Section|8]is devoted to the study of coherence properties of sheaves of invariants: 

Theorem (Coherence Theorem). Let G be a connected complex reductive Lie group. Let X 
be an irreducible algebraic G-variety with analytic Hilbert quotient tz : X ^ Q := X//G 
where Q is a complete algebraic variety. If ^ is any coherent algebraic G-sheaf on X, then 
(tt*^)^ is a coherent algebraic sheaf on Q. 
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The most important tools used here are Proposition 15.21 and Corollary 15.31 concerning 
the descent of invariant meromorphic functions to analytic Hilbert quotients of not 
necessarily reduced holomorphic G-spaces. 

Finally, the proof of Theorem ll.2l is given in Section|9l Here, we provide a short sketch. 
Assuming projectivity of the quotient Mil G, Theorem 3 of [Gre08a | provides us with 
a G-equivariant biholomorphic map ^ : U ^ Z to a quasi-projective algebraic G- 
variety with good quotient ttz : Z MUG. Note that the proof of [ GreOSa, Thm. 3] 
heavily uses the assumption on the projectivity (and not just completeness) of Mil G; 
see also the detailed discussion in Section H] of this paper. The map ^ is induced from 
a holomorphic section in (jz-^J^^^^ for some coherent algebraic G-sheaf ^ onM. Here, 
■'^ denotes analytification of algebraic sheaves. Using the Coherence Theorem, an etale 
slice theorem (proven in Section [9^1) , and GAGA properties of the quotient MUG we 
show that generically on MUG the sheaf (n^,^^)'^ is algebraically isomorphic to the 
corresponding sheaf (tz^^^)^ of equivariant algebraic maps from M to Z. Algebraicity 
of (p follows. Consequently, n is just a model of ttz, hence itself a good quotient. 

Several examples showing the necessity of the completeness and projectivity assump- 
tions on the quotient MUG are given in the individual sections (see Examples 16.61 and 
l67l ExamplelZH RemarkEH Remark[Il2l5, and ExampleHO]). 

With the help of our main result we approach a second important question in GH: how 
many different open subsets M with good quotient or analytic Hilbert quotient exist in 
a given G-variety? Using Theorem ll.ll as well as a finiteness result of Bialynicki-Birula 
we prove 

Corollary 11.4 (Finiteness of momentum map quotients). Let G = be a complex re- 
ductive Lie group and let X be a G-irreducible algebraic G-variety with at worst 1-rational 
singularities. Then there exist only finitely many (necessarily Zariski-open) subsets ofX that 
can be realised as the set of ji-semistable points with respect to some K-invariant Kahler struc- 
ture and some momentum map ji : X ^ Lie{K)* with compact zero fibre }i^^{0). 

Finally, we refine the statement of Theorem ll.ll in the case of semisimple group actions 
on projective varieties: using arguments of Hilbert-Mumford type and an ampleness 
criterion of Hausen and Bialynicki-Birula /Swi^cicka we show the following result: 

Corollary 11.6. Let G be a connected semisimple complex Lie group with maximal compact 
subgroup K, and let X be an irreducible projective algebraic Hamiltonian G-variety with at 
worst 1-rational singularities with momentum map ji : X ^ Lie{K)*. Then there exists 
an ample G-linearised line bundle L on X such that X{}i) coincides with the set X(L, G) of 
semistable points with respect to L. 

In the final section we discuss how the results proven here fit into the general picture 
of Geometric Invariant Theory, momentum geometry, and their usage in the study of 
reductive group actions. 
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In an appendix we prove a technical result about the Luna stratification used in the 
proof of Theorem l7.ll 

Part I. Tools 

2. Notation and preliminaries on analytic Hilbert quotients 

2.1. Complex spaces and algebraic varieties. In the following, a complex space refers to 
a not necessarily reduced complex space with countable topology. For a given complex 
space X the structure sheaf is denoted by J^x- Analytic subsets are assumed to be 
closed. If Z ^ X is a closed complex subspace, its support is denoted by |Z|. By 
an algebraic variety we mean an algebraic variety defined over the field C of complex 
numbers. The structure sheaf of an algebraic variety X is denoted by The complex 
space associated with a given algebraic variety X is denoted by X^. Given a morphism 
^ : X — > Y of algebraic varieties, we sometimes write (p^ : ^ for the induced 
map of complex spaces. If ^ is a sheaf of ^x-iriodules on X, the associated sheaf of 
.;?^-modules will be denoted by . An open subset of an algebraic variety always 
refers to a set that is open in the topology of X^ and a Zariski-open subset means a 
subset that is open in the algebraic Zariski-topology of X. 

2.2. Actions of Lie groups and analytic Hilbert quotients. If G is a real Lie group, 
then a complex G-space Z is a complex space with a real-analytic action a : G x Z — > Z 
such that G acts continuously on the structure sheaf J^x with its canonical Frechet 
topology. If G is a complex Lie group, a holomorphic G-space Z is a complex G-space 
such that G acts holomorphically on J^x- A complex G-space X is called G-irreducible 
if G acts transitively on the set of irreducible components of X. For more informa- 
tion on these notions, see IHH99I . Let G be a complex reductive Lie group and X a 
holomorphic G-space. A complex space Y together with a G-invariant surjective holo- 
morphic map TT : X ^ y is called an analytic Hilbert quotient of X by the action of G if 

(1) TT is a locally Stein map, and 

(2) {tt.JTx)^ = JTy holds. 

Here, locally Stein means that there exists an open covering of Y by open Stein sub- 
spaces Ua such that n^^{Ua) is a Stein subspace of X for all a; by (tt* J^)"^ we denote 
the sheaf U ^ J^xin-'^ (U))^ = {/ e ^x{n-'^{U)) \ f is G-invariant}, U open in Y. 

An analytic Hilbert quotient of a holomorphic G-space X is unique up to biholomor- 
phism once it exists, and we will denote it by XII G. It has the following properties 
(see IHMF98I and IIHH99I ): 

(1) Given a G-invariant holomorphic map : X ^ Z to a complex space Z, there 
exists a unique holomorphic map (p : XII G —> Z such that (p = (p o n. 
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(2) For every Stein subspace A of X// G the inverse image 7r^^(A) is a Stein sub- 
space of X. 

(3) If A\ and Ai are G-invariant analytic (in particular, closed) subsets of X, then 
we have 7r(Ai) fi n{A'i) = 7r(Ai fi A2). 

(4) For a G-invariant closed complex subspace A of X, which is defined by a G- 
invariant sheaf of ideals, the image sheaf (tt* J^/i)^ endows the image tc{A) 
in X// G with the structure of a closed complex subspace of X// G. Moreover, 
the restriction of tt to A is an analytic Hilbert quotient for the action of G on A. 

It follows that two points x, x' G X have the same image in X//G if and only if G • x n 
G • x' 7^ 0. For each q G X// G, the fibre 7z^^{q) contains a unique closed G-orbit G • x. 
The orbit G • x is affine (see IISno82i Prop. 2.3 and 2.5]) and hence, the stabiliser Gx of x 
in G is a complex reductive Lie group by a result of Matsushima IIMat60L 

If X is a Stein space, then the analytic Hilbert quotient exists and has the properties 
listed above (see IIHei91ll and IISno82I V 

Motivated by the above, we introduce the following notation: if X is a holomorphic 
G-space and A is a G-stable subset of X, then we set 

S^{A) := {x G X I G^n A ^ 0}. 

We call Sq{A) the saturation of A in X (with respect to the G-action). If the context is clear, 
we will sometimes omit the superscript. If the analytic Hilbert quotient tt : X ^ X//G 
exists and if A is a G-invariant analytic subset of X, the results summarised in the 
previous paragraphs imply that tSg( A) = 7r^^(7r(A)). 

2.3. Good quotients. Let G be a complex reductive group endowed with its natural 
linear-algebraic structure. An algebraic G-variety is an algebraic variety X together with 
an action of G on X such that the action map G x X ^ X is regular. An algebraic G- 
variety is called G-irreducible if G acts transitively on the set of irreducible components 
of X. 

An algebraic variety Y together with a G-invariant surjective regular map n : X ^ Y 
is called an algebraic Hilbert quotient, or good quotient, of X by the action of G if 

(1) 71 is affine, and 

(2) (tt.^x)^ = holds. 

If X is an algebraic G-variety, the associated complex space X^ is in a natural way 
a holomorphic G-space. If the algebraic Hilbert quotient n : X ^ XII G exists, the 
associated holomorphic map -.X^ ^ {XII G)^ is an analytic Hilbert quotient for the 
action of G on X^ cf. IILun76l . 

3. Technical tools 

3.1. Chow and Rosenlicht quotients. Given an algebraic group G and an algebraic G- 
variety X, there exists a natural construction which yields a geometric quotient UrIG 
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of a G-invariant Zariski-open dense subset Ur of X. One of the main ideas of our study 
is to compare the analytic Hilbert and momentum map quotients under discussion 
with this geometric quotient. Here we recall the relevant details. 

A geometric quotient for the action of an algebraic group G on a variety X is a surjective 
regular map p : X ^ Y having the following properties: 

(1) For all X G X, we have p^^{p{x)) = G • x, 

(2) Y has the quotient topology with respect to p, 



(3) (tt.^x 



\G 



For an irreducible projective algebraic variety X and for G N let 'tam,d{^) be the 
Chow variety of cycles of dimension m and degree d in X. One of our main techni- 
cal tools is the following result, which has appeared in a number of instances in the 
literature, e.g. see ]Kap93|, l|Lie78L ||BB02i Chap. 13] and references therein. 



Proposition 3.1. Let G be a connected algebraic group and let X be an irreducible projective 
algebraic G-variety. Then there exist natural numbers m, G N, a G-invariant rational map 
(p : X — ->• '^m,d{^)' '^nd a G-invariant Zariski-open subset Ur C dom(^), called a Rosen- 
licht set ofX, such that 

(1) Ur C Xgen := {:c G X | dimG ' x = m maximal} 

(2) for all u G Ur, we have (p{u) = G 'U , considered as a (reduced) cycle ofX, 

(3) the restriction (p\uj^ : Ur (p{Ur) is a geometric quotient, Ur/ G := (p{Ur) is 
normal and C{Ur/G) = C{X)^. 

We call ^gOQ '■= <p{Ur) = Ur/G a Chow quotient or Rosenlicht quotient ofX by G. 

Ur/G 




Figure 1 . The Rosenlicht quotient 



In Figure 1 the Rosenlicht set Ur is the complement of the fat point and the thick line. 
Note that for two distinct points pi,p2 G Ur/G and for the corrresponding disjoint 
orbits G • Xj = ^^^(x,) C Ur, i = 1,2, we might have G • xi n G • X2 7^ 0. 
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In greater generality, it has been shown by Rosenlicht llRos56l , that every irreducible 
(not necessarily projective) algebraic G-variety contains a Zariski-open and dense sub- 
set Ur such that a geometric quotient Ur Ur/ G with C{Ur/ G) = C(X)"^ exists. 
Also, in this general case we call Ur a Rosenlicht set of X. 

3.2. Sumihiro neighbourhoods. For local considerations it is often convenient to work 
with G-invariant subsets of projective spaces where G acts linearly. This is the moti- 
vation for the following definition: Let G be a connected algebraic group and let X 
be an algebraic G-variety. A Sumihiro neighbourhood of a point x G X is a G-invariant, 
Zariski-open, quasi-projective neighbourhood of x in X that can be G-equivariantly 
embedded as a Zariski locally closed subset of the projective space P(V) associated 
with some rational G-representation p : G GL(y). 

In a normal irreducible algebraic G-variety, every point has a Sumihiro neighbourhood 
by a result of Sumihiro IISum74|l . 

3.3. The Luna stratification. Let G be a complex reductive Lie group and let X be a 
holomorphic G-space. Let Gx, Gy be two isotropy subgroups of the action of G on X. 
We define a preorder on the set of G-orbits in X as follows: we say G*x<G*i/if and 
only if there exists an element g & G such that Int(^)Gy < Gx- Here, Int(^) : G ^ G is 
given by Int {g) {h) = ghg^^ . This induces an equivalence relation on the set of G-orbits: 
G • X ~ G • y if and only if there exists an element g & G such that Int (^)Gy = Gx- We 
denote the equivalence class of an orbit G • x by Type(G • x) and call it the orbit type of 

X. 

Assume now that the G-action on X admits an analytic Hilbert quotient tt : X ^ X// G. 
With the help of the above, we define an equivalence relation on the points of X// G: 
two points p,q G X//G are defined to be equivalent if the uniquely defined closed 
orbits G • x and G • y in n^^{p) and Ti^^{q), respectively, have the same orbit type. If 
H is a representative of a conjugacy class of reductive subgroups of G, we denote the 
corresponding equivalence class by (X// G)^^\ 

The following proposition generalises a result of Luna ||Lun73l from the algebraic to 
the analytic category. The smooth analytic case is also handled in |Sja95|. 



Proposition 3.2 ( [HHL94[ '). Let Xbe a G-irreducible complex G-space with analytic Hilbert 
quotient tt : X ^ X// G. Then the following holds: 

(1) There exists a uniquely determined equivalence class (X//G)P™'^, called the princi- 
pal stratum, corresponding to the minimal conjugacy class (H) of isotropy groups of 
closed orbits in X, which is analytically Zariski-open and dense in XII G. 

(2) If we set XP"'^^ := 7r-i((X//G)P"'^=), then the restriction ofnto XP"'^^ 

Tilxprinc : XP''^^ ^ (X//G)P'"^^ 

is a holomorphic fibre bundle with typical fibre G x^Z, where Z is an affine algebraic 
H-variety with C[Z]^ = C. 
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Here, G XhZ denotes the quotient of G x Z by the diagonal H-action given hyh • {g,z) - 
{gh-^,h-z). 

3.4. Reduction to the case of connected groups. The following considerations will 
allow us to restrict our attention to action of cormected groups in the proof of Theo- 
rem [L2] 

Lemma 3.3. Assume that the statement of Theorem \1.2\ has been shown for all connected 
complex reductive groups G. Then Theorem \L2\ holds for every complex reductive group G. 

Proof. Since Go is a reductive subgroup of G, the analytic Hilbert quotient ttgo ■ ^ ~^ 
Mil Go exists, cf. IIHMP981 2. Cor.]. Furthermore, we obtain the following commutative 
diagram: 



UIIG 




Here, uq is the algebraic Hilbert quotient for the induced action of the finite group 
C := G/Go on Mil Go. Consequently, Mil Go is projective. Since X is assumed to be 
normal, the irreducible components of M are disjoint. The connected component Go 
of the identity of G stabilises each irreducible component. Observe that the restric- 
tion of ttgo to any of the irreducible components = Ji n Xy of M, Tij : = rccg \ Uj '■ 
Mj 71 {Mj) = Mjll G, is an analytic Hilbert quotient. As an analytic subset of Mil Go, 
the quotient Mjll Go is likewise a projective algebraic variety. Furthermore, note that 
ni{Mi) n 7Zj{Mj) = for i ^ j. By assumption, Mj is Zariski-open and dense in Xy. It 
follows that M is Zariski-open and dense in X. Again by assumption, each Kj is a good 
quotient. It follows that TZcg is a good quotient. It is a classical result that the quotient 
of a projective variety by a finite group is a good quotient. As a consequence tt is an 
algebraic Hilbert quotient. □ 



4. Embedding holomorphic G-spaces 

In this section we shortly discuss the second main result of BGreOSall as well as those 
technical parts of the proof that will be important for our study here. 

The following ' Algebraicity Theorem" states that on a given complex G-space with pro- 
jective algebraic quotient there exists an essentially unique algebraic structure making 
the group action algebraic and the quotient a good quotient in the sense of GIT. 

Theorem (Algebraicity Theorem, Thm. 3 of MGreOSa l). Let G be a complex reductive Lie 
group. Let X be a holomorphic G-space such that the analytic Hilbert quotient n : X ^ 
XII G exists and such that XII G is projective algebraic. Then, up to G-equivariant algebraic 
isomorphisms, there exists a uniquely determined quasi-projective algebraic G-variety Z with 
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algebraic Hilbert quotient rcz '■ Z ^ Z // G such that X is G-equivariantly biholomorphic to 
Z. 

Let y be a finite-dimensional G-module, and let ^ be the locally free sheaf associated 
with an ample line bundle L on X//G. Then, for any m G N, the sheaf V /r*^®'" is 
the sheaf of sections of a holomorphic G-vector bundle over X. Invariant sections of 
this bundle can be used to construct linearly equivariant maps on X by the following 

Lemma 4.1 ( MGreOSal , Lem. 8.1). Let G be a complex reductive Lie group and let X be a 
complex G-space such that the analytic Hilbert quotient XII G exists as a projective algebraic 
complex space. Let V be a G-module, let L be an algebraic line bundle on XII G and let ^ be 
the associated locally free sheaf. Then, an element s G H°(X//G, n.^{y ® Tr*^)*^) yields a 
G-equivariant holomorphic map u : X ^ V into the algebraic G-vector bundle V = V ®L 
over XII G. 

The proof of the Algebraicity Theorem in IIGreOSal shows that given an ample line bun- 
dle L on Q there exist finitely many G-modules V\, . . . ,V^, natural numbers m\, . . . ,m^. G 
N, and G-invariant sections Sy G H^{XIIG,TT^{Vj (g) Tr*^®'"/)^) such that the di- 
rect product Y := 0^^^ aj : X V := 0y^i(Vy O L®"/) of the maps provided by 
Lemma 14.11 yields a G-equivariant holomorphic embedding of X into V (Embedding 
Theorem, Thm. 8.6) with Zariski-closed image Y(X) (Thm. 9.3). Furthermore, the good 
quotient of the natural G-action on Y(X) exists and Y(X)// G is naturally biregular to 
X//G. 

Remark 4.2. In contrast to many of the results proven in this paper, the Algebraicity 
Theorem discussed above heavily relies on the assumption on the projectivity (and 
not just completenes) of the quotient Q. The assumption is mainly used to construct 
sections of TZ^{Vj n*^®'"')'^ using Serre vanishing for the ample bundle L. 

5. Meromorphic functions on analytic Hilbert quotients 

In this section we study the function fields of analytic Hilbert quotients. In particular, 
we study conditions under which invariant meromorphic functions on X descent to 
the quotient XII G. 

5.1. Meromorphic functions and meromorphic graphs. We denote the sheaf of germs 
of meromorphic functions on a not necessarily reduced complex space X by .Mx- Let 
/ G .^x(^) be a meromorphic function on X. The sheaf of denominators of / is the sheaf 
^(/) with stalks ^(/).t = {ox G -^x ■ Vxfx G We define the polar variety of / to be 
the closed complex subspace defined by ^(/) and denote it by Pf. The polar variety is 
the smallest subset of X such that / is holomorphic on X \ Pf. 

We will describe meromorphic functions via their graphs, see Proposition 15. 1 1 below. 
Consider a closed complex subspace F ^ X x Pi and denote the canonical projection 
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to X by (7" := pr^ |r : T ^ X. Then F is called a holomorphic graph at p & X, if there exists 
an open neighbourhood U of p in X such that 

(1) o-\a-i{u) '■ ^^(^) ~^ LZ is biholomorphic, 

(2) (7-\U) n{Ux {oo}) = 0. 

Clearly, the graph of a holomorphic function / G J^(X) is a holomorphic graph at 
every point p G X. A closed complex subspace F ^ X x with canonical map 
(7 : F ^ X is called a meromorphic graph over X, if there exists an analytic set A C X 
with the following properties: 

(1) A and cr^^{A) are analytically rare, 

(2) F is a holomorphic graph outside A. 

Recall that an analytic subset Z in a complex space X is called analytically rare if for 
every open subset LZ of X the restriction map Mx{U) J^x{U \ Z) is injective. Please 
consult l|Fis76l 0.43] for further details on this notion. 

Proposition 5.1 ( l|Fis75l ). The graph Tfofa meromorphic function on a complex space is a 
meromorphic graph. Conversely, let T ^ X x IPibe a meromorphic graph over X. Then there 
exists a uniquely determined meromorphic function f G ^x(X) such that F = F^. 



5.2. Descent of invariant meromorphic functions. The following is one of the main 
technical tools used in the sequel. 

Proposition 5.2. Let G be a complex reductive Lie group and let Xbe a holomorphic G-space 
with analytic Hilbert quotient n : X ^ Q := XII G. Let V ^ Xbe a G-invariant n- 
saturated closed subspace such that \P\ is analytically rare in X. Let f G J^x{^ \ \P\)'^ 
and assume that f extends to a G-invariant meromorphic function F G ^x(X)'^. Then the 
uniquely determined holomorphic function f G J^x//g{Q\ that fulfills 7z*{f) = f 

extends to a meromorphic function F G ^q(Q) with n*{F) = F. 

Proof. The map Fi : = tt x idpj :XxPi QxPisan analytic Hilbert quotient for 
the action of G on X x Pi induced by its action on the first factor. Let F G ^x{^)'^ be 
as in the claim and let F ^ X x Pj be its graph. Endow F := n(F) C Q x P^ with the 
canonical complex structure, cf. Section IZ2l such that 0:=n|r:F^Fisan analytic 
Hilbert quotient.This leads to the following commutative diagram: 



X X Pi 




The analytic subset 7r(|P|) C Q is analytically rare. Furthermore, by assumption, F is a 
holomorphic graph over Q \ 7r(|P|). To establish the claim it suffices to show that the 
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setcrr^(7r(|P|)) is analytically rare in f. This follows from a)-i(c7p(7r(|P|))) = (r^'^{\P\) 
and from the fact that the latter set is analytically rare in T by assumption. □ 

Corollary 5.3. Let X be a reduced G-irreducible holomorphic G-space with analytic Hilbert 
quotient rc : X ^ Q := XII G. Assume that there exists a point xq G Xgen such that G • xq 
is closed in X. Then for every f G ^x(X)'^ there exists a f ^ ^q{Q) such that f = n*[f). 

Proof. We have to find P as in the statement of Proposition 15.21 Set E := 7r^^(7r(X\ 
Xgen)) and X^ := X \ E. It follows from the existence of xq that £ is a nowhere dense 
analytic subset of X. Note that X^^ is zr-saturated in X and that the restriction of n to 
X^ is a geometric quotient for the G-action on X^, cf. IIGre08a[ Lem. 3.4]. It follows 
that P := £ U Ti^^{n{Pf)) is a nowhere dense saturated analytic subset of X and hence 
analytically rare in X. Furthermore, /|x\p ^ '^xO^ \P)^Y construction. Hence, the 
claim follows from Proposition |5.2| □ 

Remark 5.4. Special cases of Proposition 15.21 and Corollary 15.31 have been proven in 
llGreOSa . Sect. 7.2] for reduced Hamiltonian G-varieties and for quotients arising from 
semistable points of momentum maps. 

Part II. Proof of the main result 

In this part, we prove Theorem 11.21 We have separated three preliminary steps from 
the main argument. These are given in Sections |6j |7l and |8j respectively. The proof of 
Theorem 1 1.2 1 is then given in Section |9] 

Due to Lemma 13.31 we may assume that G is connected throughout this part. Fur- 
thermore, we assume that U is non-empty. For an analytic subset A of X we set 

A'' := A n U. 

6. The set U is open in the Zariski-topology 
In this section, we will prove the following result: 

Theorem 6.1 (Openness Theorem). Let G be a connected complex reductive Lie group and 
let X be an irreducible normal algebraic G-variety. Let Ubea G-invariant analytically Zariski- 
open subset ofX such that the analytic Hilbert quotient n : U ^ U II G exists. If U II G is a 
complete algebraic variety, then U is Zariski-open in X. 

6.1. Generic closed orbits. Recall that for an irreducible algebraic G-variety X, we 
have defined Xgen = {x G X | dimG • x = m}, where m = maXxex{dimG • x}. The 
behaviour of a quotient n : X X II G is particularly easy to control if the generic 
G-orbit is closed in X. The following result allows to reduce some considerations to 
this situation. 
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Lemma 6.2. Let G be a connected complex reductive Lie group. Let X be an irreducible al- 
gebraic G-variety and U a G-invariant analytically Zariski-open subset of X such that the 
analytic Hilbert quotient n : U ^ Q exists. Then there exists a G-stable irreducible subvari- 
ety YofX such that 7t{Y^^) = Q and such that Ygen H U contains an orbit that is closed in 
U. 

Proof. We argue by induction on the dimension of X. If dim X = 0, there is nothing to 
prove. In the general case, if Xgen contains an orbit that is closed in U, we are done. So 
we can assume that all closed orbits of U lie in Z := X \ Xgen. It follows that tz{Z n 
U) = Q. Let Z = Uyli be the decomposition of Z into irreducible components. Then 
there exists jo e {1, . . . ,m} such that Q = n{Zjg nU) = {Zj^ n U) // G. Here, Zj^ n U is 
analytically Zariski-open in Zj^. Since dimZy^ < dimX, induction applies. □ 

6.2. Proof of Theorem l6.1[ We start by studying the case where the generic G-orbit is 
closed in U. 

Proposition 6.3. Let G be a connected complex reductive Lie group, let X be an irreducible 
algebraic G-variety, and letU dXbea G-invariant analytically Zariski-open subset ofX such 
that the analytic Hilbert quotient n : U ^ Q exists. Assume that Q is a complete algebraic 
variety and that U fl Xgen contains an orbit that is closed in U. 

IfV^ is any Rosenlicht subset ofX, then U n Vr contains a G-invariant Zariski-open (Rosen- 
licht) subset Ur ofV^ consisting ofG-orbits that are closed in U such that there exists an open 
algebraic embedding i : Ur/G ^ Q making the following diagram commutative: 



Ur 




Q- ■ 'Ur/g. 

In particular, the quotient map n : U ^ Q extends to a rational map X --^ Q. 

Proof. Let Vr be any Rosenlicht set of X and let p : Vr — > Vr/G be the quotient map. 
Without loss of generality we can assume that Vr/G is affine. Our first aim is to show 
that Vr/G is birational to Q. By Corollary 15.31 the restriction / |u of every G-invariant 
meromorphic function / G ^x{^)^ to U descends to a meromorphic function on 
Q. As a consequence of Grothendieck's generalisation of Serre's GAGA results, cf. 
IIGro71[ XII.4.], these meromorphic functions are in fact rational; see also llSha94i Thm. 
VIII.3.1.1]. Consider the rational map cp : Q --^ Vr/ G that corresponds to p\u. Since 
elements of ^*(C(Vr/G)) = C(X)'^ C C(Q) separate orbits in Vr, they separate orbits 
in 

Ur:=U\ S^{V^ nU) CUDVr. 

This set is non-empty, analytically Zariski-open, and Ti-saturated in U. Since U con- 
tains a closed orbit of generic orbit dimension and since Q is complete, Ur is mapped to 
a non-empty Zariski-open subset of Q, as a consequence of GAGA, see IIGro71[ XII.4.]. 
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Therefore, (p is generically one-to-one, hence birational. Let z := : Vr/G ---> Q. 
Without loss of generality, Vr/G coincides with the set where i is an isomorphism onto 
its image. It follows that z : Vr/G ^ Q is an open embedding. We obtain the following 
commutative diagram 

Ur^ 



P{UrY 



'I 



P(Ur) 



Since Q is complete, the image p{Ur) is Zariski-open in Q. It follows that Ur is Zariski- 
open in Vr and contained in U. This shows the claim. □ 



We now return to the general case. 

Lemma 6.4. Let G be a connected complex reductive Lie group, X an irreducible G-variety, 
and U a non-empty G-invariant analytically Zariski-open subset of X such that the analytic 
Hilbert quotient n : U ^ Q exist and Q is a complete algebraic variety. Assume that every 
point X G U whose orbit G • x is closed in U has a Sumihiro neighbourhood. Then, U contains 
a non-empty G-invariant Zariski-open subset ofX. 

Proof. By Lemma 16.21 there exists an irreducible G-invariant subvariety Y of X such 
that Y^^//G = Q and such that Y^^ D Ygen contains an orbit that is closed in U. By 
Proposition 16.31 there exists a G-invariant Zariski-open subset A of Y contained in U 
such that 71 {A) is an open subset of X(/i ) //G. Furthermore, A consists of orbits which 
are closed in U. 

Let W be an irreducible Sumihiro neighbourhood of a point x E A and let xp : W ^ 
P(y) be a G-equivariant embedding of W into the projective space associated with a 
rational G-representation V. Let Z be the closure of tp{W) in P(y). Given a Rosenlicht 
subset Ur of Z as in Proposition 13.11 Lemma 6.3 of MGreOSal implies that S^{ip{A n 
W)) n Ur is constructible in Ur. Therefore, S^{A fi W) n W contains a G-invariant 
Zariski-open subset U of its closure. By construction, Ti{A fl W) is open in Q, and 
hence, n^^{n{Ar\W)) n W is an open subset of X that is contained in tSc (A n W) n W. 
We conclude that U is Zariski-open in X. □ 

Proposition 6.5. Let G be a connected complex reductive Lie group, X a G-variety, and U 
a G-invariant analytically Zariski-open subset of X such that the analytic Hilbert quotient 
Tz : U ^ Q exist and Q is a complete algebraic variety. Assume that every point x E U whose 
orbit G • X is closed in U has a Sumihiro neighbourhood. Then U is Zariski-open in X. 

Proof. Let X = (J; be the decomposition of X into irreducible components. Then, 
there exists a jo € {1, . . . , m} such that X^^ is analytically Zariski-open in Xj^ and non- 
empty. Let Vjg be the G-invariant Zariski-open subset of X|^^ whose existence is guar- 
anteed by the previous Lemma. Set X := X \ ( \ ^j) ■ Then either X = W C X 
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or X^^ 7^ 0. In the first case, we are done, since X is algebraic in X. In the sec- 
ond case, we notice that X^^ is analytically Zariski-open and G-invariant in X, that 
X^V/G = 7r(X'') C Q is a complete algebraic variety by GAGA IIGro71[ Thm. XII.4.4], 
and that the existence of Sumihiro neighbourhoods is inherited by X^^. We proceed by 
Noetherian induction. □ 

Proof of Theorem \6?l\ Using Proposition 16.51 it suffices to note that, since X is assumed 
to be normal and G to be cormected, every point in X has a Sumihiro neighbourhood, 
cf. Section lU □ 

The following examples show that completeness of the quotient is a necessary assump- 
tion for Theorem 17. II 

Example 6.6. Let X = C'^, and let O be the non-algebraic, holomorphic automorphism 
of C"^ given by {z,w) {w,e^ — w). Then, setting U := \ {e'" — z = 0} and Y : = 
£^\[w = 0}, the map (t> induces a biholomorphic map (p : U ^ Y. Note that Y is an 
algebraic variety and that (p is an analytic Hilbert quotient for the action of the trivial 
group on C C^. 

In the previous example, the set U was analytically, but not algebraically Zariski-open. 
The following example shows that, even worse, the complement of U in X can have 
non-empty interior if we drop the completeness assumption. 

Example 6.7. Consider again X := and let U C be a so-called Fatou-Bieberbach 
domain, a proper (metrically open) subdomain of admitting a biholomorphic map 
f : U ^ (these domains arise in holomorphic dynamics; for concrete examples, see 
MMNTUOOl Ex. 6.3.2]). Then, we note that again ^ is an analytic Hilbert quotient for the 
action of the trivial group on C X. 



7. ALGEBRAICITY of the QUOTIENT MAP 

The aim of this section is to prove the following result. 

Theorem 7.1 (Algebraicity Theorem). Let Gbea connected complex reductive Lie group, let 
X be an irreducible normal algebraic G-variety, and let Ubea G-invariant Zariski-open subset 
ofX such that the analytic Hilbert quotient rc : U ^ Q exists. If Q is a complete algebraic 
variety, then the quotient map n is algebraic. 

7.1. The principal Luna stratum. Since the quotient map is a priori holomorphic, it 
sufffices to show that it extends to a rational map 7r:X--->Lr//G. Hence, it is enough 
to understand the behaviour of n on an algebraically Zariski-open subset of U. We will 
use the principal stratum of the Luna stratification for this purpose. 
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Let G, X, and tt : U ^ Q be as in the hypotheses of Theorem l7.ll Let S := Qprinc be the 
principal Luna stratum, let Y be the closed G-invariant subvariety of X introduced in 
Lemma and let zry : Y*^^ — > Q denote the restriction of tc to Y^^. 

Lemma 7.2. Under the assumptions listed above, 7Zy^{S) consists of closed orbits ofG in Y^^. 

Proof. It follows from the construction of Y that the principal orbit type of Q equals 
that of Y^^. Let H be a representative of the corresponding conjugacy class of reductive 
subgroups of G. As we have seen in Section [331 the map Uy : nY^{S) ^ S is a 
holomorphic fibre bundle with fibre G/H. Consequently, every orbit G • y G 7ry^(S) 
is closed in Y^^. □ 

The proof of the following result strongly resembles the proofs of the results in Sec- 
tionUl and has therefore been deferred to AppendixlAl 

Lemma 7.3. Under the assumptions listed above, n^^{S) is Zariski-open in X. 

7.2. Proof of Theorem I7.1[ In the course of the proof of Theorem l7.1l we will construct 
a "well-defined family of compact algebraic cycles" from the orbits of the group action 
on X. Since the definition of "algebraic family" is technically involved (Definition 1.3.10 
and Definition 1.3.11 of l|Kol96ll ), we have chosen to state only the following simplified 
version of a criterion by Kollar which will be used in our proof. 

Theorem 7.4 (cf. Thm. 1.3.17 of l|Kol96l ). Let X, W be normal varieties, let U be an ir- 
reducible subvariety of X x W, and let tz2 : U ^ W be the natural projection. Then, 
(712 : U ^ W) is a well defined-family of k-dimensional compact algebraic cycles ofX over W 
ifn2 is proper and surjective, and if every fibre of7Z2 has dimension k. 

Given a well defined-family of /c-dimensional compact algebraic cycles of a projective 
variety X (with ample line bundle ^x(l)) over an irreducible W, there exists a natural 
number d, and a uniquely determined morphism i/? : W — > 'tok,d{^) into the Chow 
variety of cycles of dimension k and degree d in X such that U is isomorphic to the 
pullback (via xp) of the universal family over 'tfk,d{X) , see I.Kol96, Thm. 1.3.21]. 

We will furthermore apply the following result of Hausen. 

Proposition 7.5 (Prop. 2.6 of l|Hau04|| ). Let G be a connected linear algebraic group, let X 
be a normal G-variety, and letUcX be an open subset. IfU is quasi-projective, then G - U is 
quasi-projective. In particular, the maximal quasi-projective open subset U ofX is G-invariant. 

Proof of Theorem [ZT] Since we are only interested in the behaviour of tt on a Zariski- 
open subset of X, due to Proposition IA.21 we may assume in the following that X = 

U = Ti-\S). 
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Consider the following algebraic map defined by the G-action on X: 

YiGxX^XxX 

and let TZ := Y(G x X) be the corresponding orbit relation in X x X. Since G is con- 
nected and X is irreducible, its closure 7?, is a closed (G x G)-invariant irreducible 
subvariety of X x X. Let tti, 712 : X x X — > X be the canonical projections to the first 
and second factor, respectively. Since TZ2 is G-equivariant and surjective, there exists a 
non-empty G-invariant Zariski-open subset C X such that 

(1) is smooth, 

(2) dim(7r2|^)^^(u) = dim??. — dimX, 

(3) {n2\Tzy\u) = G^x {m}. 

We will show that there exists a Zariski-open G-invariant subset of ^ such that the 
restriction of tt to is a regular map. 

First, we consider the intersection of fibres of 7r2 1^ with the subvariety Y. By Lemma [7!2l 
the closure of every G-orbit in X = 7r^^(S) intersects Y = Y^^ in a unique closed G- 
orbit G • y with stabiliser Gy that is conjugate to the minimal isotropy group H in G. 
We set 

F ■.= nn{Y X ^). 

This is a closed G-invariant subvariety of Y x Since the closure of every G-orbit in 
intersects Y, we have 7r2(r) = There exists an irreducible component Fq of F 
such that 712 (Fq) contains a G-invariant Zariski-open subset of Hence, without loss 
of generality, we can assume that F is irreducible and that 712 (F) = Note that for 
all w G ^ there exists some y G Y n G • w such that (7r2|r)^^(M) = G • 1/ x {11}. As a 
next step we show how to build from F an algebraic family of compact cycles in Y with 
very controlled behaviour. 

Let Y' be the maximal quasi-projective subset of the smooth locus of Y. The subset Y' is 
G-invariant by Proposition l7.5l Note that the set F' := F fl (Y' x ^) is non-empty, since 
Y' maps to an open subset 7r(Y') of Q, whose preimage 7r^^(7r(Y')) has to intersect 
which is dense in X. Better still, by the same reasoning, we see that 712 (F') contains an 
open G-invariant subset of "W. Since 7r2(F') is constructible by Chevalley's Theo- 
rem, it contains a G-invariant Zariski-open subset of Therefore, we can assume 
without loss of generality that (712) |r' is surjective. 

Let Y' be a projective normal G-equivariant completion of Y' and let F' be the closure 
of F' in Y' X Similar to (3) above, we can assume that for every w G there exists 
some 1/ G Y' n G • w such that 

(o) (7r2|jT)"^(M) = (7r2|r')"H") = G •!/ x {u}. 

Since F' is irreducible, since ^ is smooth, and since there exists a constant /c G IM such 
that dim G • 1/ equals k for all 1/ G Y, Theorem 17.41 implies that the graph F' defines 
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a well-defined algebraic family of compact A:-cycles in Y' parametrised by As a 
consequence we obtain a G-invariant regular map ip : 'W ^ '^k.diy') to the Chow 
variety '^k,dO'') of cycles of degree d and dimension fc in Y'. 

Let Ur be a Rosenlicht subset of Y' contained in Y' constructed as in Proposition 13.11 
Clearly Ur is also a Rosenlicht subset of Y. Note that due to the assumption X = 
71^^(5), the quotient X// G can no longer assumed to be complete. However, by con- 
sidering the closure Y of Y' in X, we may apply Proposition 16.31 and, after shrinking 
further if necessary, assume without loss of generality that Ur/ G has an open embed- 
ding I into Q. 

Next we claim that ip{^ ) contains an open subset of Ur/ G C ^ic,rf(^')- Owing to (0), 
it suffices to show that 7ri(r) contains a G-invariant Zariski-open subset of Y'. Aiming 
for a contradiction, suppose that /Ti(r) is a proper G-invariant subvariety of Y'. Its 
image E := 7r(7ri(r)) under tt is a closed analytic subset of the Zariski-open subset 
n{Y') of Q. Set # := tz-^{{Y'/G) \ E). Since ^ is dense in X, we have n ^ 7^ 0. 
However, this contradicts the definition of E. 

We can thus assume that xp maps into Ur/ G. Furthermore, again owing to (0), we 
have 7r|"?/ = lotpy^. Consequently, the restriction of tt to ^ is algebraic and hence 
extends to a rational map H : X Q. Since Y\\u = tt is a priori holomorphic, we 
conclude that it is regular. This completes the proof of Theorem 17. II □ 

The following example shows that the completeness assumption is indeed necessary: 

Example 7.6. Let X = U = Q = C'^ and let ^ be a non-algebraic, holomorphic auto- 
morphism of C^, cf . Example 16.61 Then, ^ : U ^ Q is an analytic Hilbert quotient for 
the trivial group action. 

7.3. Categorical quotients. A G-invariant morphism n : X —>■ Y from a G-variety X to 
a variety Y is called a categorical quotient if for every G-invariant morphism (p : X ^ Z 
to an algebraic variety Z, there exists a uniquely determined morphism ^ : Y ^ Z 
such that (p = ^ o TT. 

Lemma 7.7. Let G be a complex reductive Lie group. Let X be a G-irreducible algebraic G- 
variety and U C X a G-invariant Zariski-open subset such that the analytic Hilbert quotient 
TZ : U ^ U//G exists. Assume that U//G is a complete algebraic variety. Then we have 
(n^^u)'^ = GuiiG' '^'^^ ^ a categorical quotient. 

Proof. First we note that by the previously proven results the quotient map n is mor- 
phism of algebraic varieties. Let V C U// G be Zariski-open. Then ti^^{V) is Zariski- 
open and dense in U. The pull-back of any regular function on V yields a G-invariant 
regular function on r[^^{V). Conversely, let / G ^x(^^(^))'^- Then / extends to a 
G-invariant rational function F G C{U)'^. Now Proposition 15.21 implies that the holo- 
morphic function / G J^u//g{^) with TC*{f) = f extends to a meromorphic, hence 
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rational function on Mil G (as a consequence of GAGA, |Gro71i Thm. XII.4.4]). Conse- 
quently, / is regular. 

For the second statement of the lemma we need to show that for every G-invariant 
regular map ^ : U ^ Z to an algebraic variety Z there exists a regular map : MUG ^ 
Z with 

(★) (p = ^ o K. 

So let ^ : M Zhe given. Without loss of generality, we can assume that Z is complete. 
Since tt : U ^ LJ//G is an analytic Hilbert quotient, there exists a holomorphic map 
^ : Mil G ^ Z such that Q is fulfilled. However, every holomorphic map between 
complete algebraic varieties is algebraic, see IIGro71i Cor. XII.4.5]. □ 

In the next section we prove a more general version of this result for the case of non- 
reduced schemes, cf. the proof of Proposition |8.21 

8. Coherence of sheaves of invariants 
The aim of this section is to show the following result: 

Theorem 8.1 (Coherence Theorem). Let Gbe a connected complex reductive Lie group. Let 
X be an irreducible algebraic G-variety with analytic Hilbert quotient tt'' : X'' ^ Q'' : = 
II G where Q is a complete algebraic variety. If ,^ is any coherent algebraic G-sheaf on X, 
then (tt*^)^ is a coherent algebraic sheaf on Q. 

Note that if tt : X — > Q is actually an algebraic Hilbert quotient, the statement follows 
from the fact that n is by definition an affine map, cf. Section 2 of liHH99| . Furthermore, 
recall that under the assumptions listed above 71 is a morphism of algebraic varieties 
(Theorem [TJj. 

8.1. Coherence for structure sheaves of closed subschemes. We will start by consid- 
ering the following special case of the Coherence Theorem. 

Proposition 8.2. Let G, X, and n : X ^ Q be as in Theorem 18.11 Furthermore, let 
{Z,Gz) ^ (X, ^x) be a closed G-invariant subscheme of X. Then, {n^.Gzf' is a coher- 
ent algebraic sheaf on Q. 

Remark 8.3. In fact, as the proof will show, ( tt* ) is the structure sheaf of the closed 
subscheme tc{Z) ^ Q. 

Proof of Proposition 18.21 The closed subscheme Z ^ X is given by a G-invariant ideal 
sheaf J^z in ^x- The associated complex space Z'' is the closed G-invariant complex 
subspace of X^ given by J^^. If we endow its image 7r(Z) in Q'' with the canonical 
structure sheaf ^n{z) induced by the ideal sheaf (tt^ J^z')*^, then the restriction Trj^/i : 
(Z'', J^/,) {tz{Z),J^j^(^2)) is an analytic Hilbert quotient, cf. Section IZ2l Since Q 
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is a complete algebraic variety by assumption, (7r(Z), is the complex space 

associated with the closed subscheme of Q that is given by the uniquely determined 
ideal subsheaf J^j,(^z) of with J^j^^^^ = (tt'IJ^^)^, see IIGro71l Thm. XII.4.4]. Since 
71* C J^z, the quotient map n restricts to a morphism of algebraic schemes 

7r|z:(Z,^z)^(7r(Z),^,(z)). 

We claim that ((7r|z)*^z)'^ = ^niz)' from which the coherence of (tt^^z)'^ follows 
immediatly. Abusing notation, we denote 7r|z as tt in the following argument. 

To show the claim, let be a Zariski-open subset of tc{Z). Clearly, since tt is a mor- 
phism of algebraic schemes, the pullback n* (/) of a regular function f G H^{U, Gn(z) ) 
is a G-invariant regular function on 7r^^(LJ). 

Conversely, let / G H°(7r^^(LJ), ^z)^- The scheme-theoretic closure Y = 7r"i(LJ) 
is a closed G-invariant subscheme of Z, its image /r(y), endowed with the canoni- 
cal structure, is a closed subscheme of Z ^ Q (again due to GAGA, ||Gro71i Thm. 
XII.4.4]). Note that (Y \ n-^(U)f is analytically rare and 7r-saturated in Y'' and that 
71 restricts to a regular morphism from Y to 7r(Y). Furthermore, (ii, ^/^(z) |u) arid 
{\1 , G Tj_(y)\u) are by construction canonically isomorphic as algebraic schemes. The 
G-invariant regular function / extends to a G-invariant rational, hence meromorphic 
function F G {Y^ , ^^h^'^ . By Proposition 15.21 there exists a meromorphic function 
f on 7r(Y)'', such that {tt^)*{F) = F. Since n{Y)^ is a closed complex subspace of Q^, 
it is also complete algebraic. As a consequence of GAGA, the meromorphic dunction 
F is (induced from) a rational function on n{Y). Furthermore, its restriction / := F\u 
to U is holomorphic, hence regular, i.e., / G H^{U, Gn{Y)\u) = H^iU, Gn{z)\u)> and 
fulfills 7r*(/) =/. □ 

8.2. Coherence for general G-sheaves. In the following proof of the Coherence Theo- 
rem we use a standard procedure (see e.g. l|Has04[ Lemma 3.1]) to reduce the general 
case of arbitrary coherent algebraic G-sheaves to the special case of structure sheaves 
of G-invariant subschemes already considered in the previous section. 

Proof of Theorem [8J] Aiming for a contradiction, suppose that there exists a coherent 
algebraic G-sheaf ^ on X such that {n^^)'^ is not coherent. Then, there exists an 
affine open subset Q' of Q such that {ti^:^)^\q' = ((7T|7r-i(Q'))*(^|7r-i(Q')))'^ is not 
coherent. Set X' := 7r^^(Q'), n' := n\x', and := ^\x'- There exists a coherent 
algebraic G-subsheaf 5^' of with the following properties: 

(1) (<5f')^ is coherent on Q', 

(2) the only coherent algebraic G-subsheaf S" of ^' 1'^' such that (zr^ff j*^ is coher- 
ent is the trivial subsheaf = 0. 

As 71^-)'^ is left-exact, we may assume that ^' = in the following, replacing by 
I^' 1^' , if necessary. 
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As (tt^^')'^ is not coherent, it is not the zero sheaf. Since Q' is affine, it follows that 
there exists an element a G H^(X', ^')^ \ {0}- The section a yields a G-equivariant 
sheaf morphism a : ^x' ~^ ^' ■ Its image S := o(^x') is a non-trivial coherent algebraic 
G-subsheaf of By (2) above we conclude that 

(t) {Ti'^gf- is not coherent. 

If ^ denotes the kernel of a, and Z is the G-stable closed subscheme of X' defined by 
^ , then S = I ^ = ^z- With this notation, we obtain the following commutative 
diagram: 

closed open 



X 



Q 



open 



X 



Let Z be the scheme-theoretic closure of Z in X. Since | Z \ Z | does not intersect X', we 
have (7r*^z)'"|Q' = {n'^Gz)'^ ■ Consequently, Proposition |8!2] implies that (tt'^^z)^ = 
(Tr'^ff)^ is a coherent algebraic sheaf on Q'. This contradicts □ 



9. Proof of the main theorem 



In this section, we prove Theorem 11.21 after a discussion of the local structure of the 
quotient map near generic closed orbits. 

We recall the setup: let G be a complex reductive Lie group, let X be a G-irreducible 
normal algebraic G-variety, and let C X be a G-invariant analytically Zariski-open 
subset of X such that the analytic Hilbert quotient n : U ^ U//G exists, and such that 
Q := U//G is a projective algebraic variety. Then, the Openess Theorem, Theorem |6.1[ 
implies that U is Zariski-open in X, and we conclude from the Algebraicity Theorem, 
Theorem 17.11 and from Lemma [72] that the quotient map tt is a categorical quotient. It 
remains to show that n is in fact an affine map. 

Remark 9.1. It follows from a classical result of Snow ||Sno82l Cor. 5.6] (and also from 
MGreOSai Thm. 3]) that in the situation at hand any fibre of n naturally carries the 
structure of an affine algebraic G-variety. Examples show that this is not sufficient 
to guarantee that n is an affine map. In fact, Mumford IIMFK941 Ex. 0.4] has con- 
structed an example of an algebraic S/2(C)-variety X with a geometric categorical quo- 
tient 71 : X ^ Q such that all stabiliser groups of points in X are trivial, but n is not a 
good quotient; see also ||BB02i Ex. 7.1.1]. 

9.1. An etale slice theorem at generic orbits. In this section we take a closer look at 
the local structure of the quotient n : U ^ Q near generic closed orbits. The main 
result is: 

Proposition 9.2 (Etale slice theorem at generic orbits). Let G, X, n : U —> Qhe as in 
Theorem [L2l Let p G 5T^^(Qprinc) be a point whose orbit G • p is closed in the maximal Luna 
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stratum 7r^^(Qp]-inc) ofU. Then, there exists an algebraic G-variety T with algebraic Hilbert 
quotient T T//G and a regular G-equivariant map cp : T ^ U onto a n-saturated Zariski- 
open neighbourhood Wofp in 7z^^ (Qprmc) such that every point q G T has a saturated open 
neighbourhood V in T with the property that (p\v '■ V fi^) a biholomorphism onto the 
Tz-saturated open subset (p{V) o/7r^^(Qprinc)- In particular, in the commutative diagram 



T- 



TCj 



T//G 



W 



W//G, 



both (p and <p are etale. Moreover, T is G-equivariantly isomorphic to W x w//g {T//G). 



Proof. Since H is reductive, there exists a Zariski-locally closed H-invariant subvariety 
S ofU such that the natural map cp : G Xh S ^ U is locally biholomorphic at the point 
[e,p] G G X ^ S, cf. the proof of Theorem 4.6 in BGreOSal . Furthermore, shrinking S, we 
may assume that S is affine, and that ^(G x ^ S) is 7r-saturated in U. As a consequence, 
T : = G X H S is an affine G-variety and hence, the algebraic Hilbert quotient T 
T II G = SIIH exists. In the following a saturated subset of T always refers to a subset 
that is saturated with respect to this algebraic Hilbert quotient. 

The set E := {q & T \ cp is not etale at ij} is a closed G-invariant subvariety of T. First 
substituting T hy T \Sg{E), and then shrinking further, we may assume that cp is etale 
at every point of T, and, shrinking U, that cp is surjective onto U. 

Applying the holomorphic Slice Theorem ||Hei91l Section 6] at p yields that the princi- 
pal orbit type of closed G-orbits in T coincides with the principal orbit type of closed 
orbits in U. Since the corresponding Luna stratum 7r^^(Qprinc) in U is Zariski-open, 
again we can assume that all the isotropy groups of closed orbits in T and U are con- 
jugate to H in G. This yields the subset W ofU with the desired properties. 

The image (p{G • q) of any closed orbit G • q in T = (p^^(W) is closed in U. Indeed, 
aiming for a contradiction, suppose that there exists ay G U such that G • y C. G • (p{q) 
is closed. Then, dim(G • y) < dim(G • (p{q)) < dim(G • q). However, dimG • y = 
G • q, since Gy and Gq are both conjugate to H in G. This is a contradiction. 

Again due to the fact that all stabiliser groups of closed orbits are conjugate, for every 
closed orbit q ^ T, the restriction (p\g • q '■ G • q ^ G • cp{q) is an isomorphism onto the 
closed orbit G • (p{q) C U. We may thus apply the slice theorem at any point q ^ T with 
closed orbit G • q to obtain the open neighbourhood V ofq with the desired properties. 

Set Z := W xq (TUG) and consider the regular map x '■ T ^ Z, t {cp{t),TZT{t)). 
Since locally over the quotient ^ is an isomomorphism, x is bijective. Let V C T// G 
be an open subset such that nj^{V) is G-equivariantly isomorphic to the 7r-saturated 
open subset V := (p{7Zj\V)) C U via cp. We denote the inverse of cp\^-i^y^ by xp. 
Let Z := V x-^^yj V. It follows that xl^-^i^v) ■ ^t^O^) ^ Z is biholomorphic with 
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holomorphic inverse given by {x, [t] ) i-h- tp{x). We have thus shown that is a bijective, 
everywhere locally biholomorphic, regular map and hence biregular. □ 

Luna's slice theorem |Lun7 31 applied to the quotient tcj : T ^ T // G together with 
Proposition |9i2] now yields the following result: 

Corollary 9.3. Let G, X, 7Z : U ^ Q be as in Theorem \1.2\ Then, the restriction of the 
quotient map to the maximal Luna stratum 

^l7r-i(Qprinc) • ^ HQprinc) ^ Qprinc 

realises tt^^ (Qprinc) as an algebraic etale locally trivial fibre bundle over Qprinc with fibre the 
affine algebraic G-variety G {rCg^{7Zg{p)). Here, p S 5T^^(Qprinc) is any point with 
closed orbit G • p in ti^^ (Qprinc)/ S is an affine local slice at p, and 71$ : S ^ S//H denotes 
the good quotient for the H-action on S. 

9.2. Proof of Theorem ll.21 First we recall the following well-known corollary of Zariski's 
Main Theorem: 

Lemma 9.4. Let e : X bea quasi-finite morphism between irreducible algebraic varieties. 
Then, there exists a non-empty Zariski-open subset W CY such that ej^-i^i^) : e^^(W) W 
is a finite map. 

We now apply this to our setup: 

Lemma 9.5. Let G, X, n : U ^ Q be as in Theorem \1.2\ Then, there exists a non-empty 
Zariski-open subset W C Q such that 7r|7j-i(^) : 7i^^{W) W is an affine map. 

Proof. Since we are only interested in the behaviour of tt over a big open set of Q, 
by Corollary 19.31 we may assume that there exist an irreducible variety B, an affine 
algebraic G-variety F with C [F] = C, and an etale G-equivariant surjective map xp : 
B X F ^ U, such that the induced map xp : B ^ Q is etale, and such that in the 
commutative diagram 

B xF 

n 



the trivial product B x F is G-equivariantly isomorphic to the fibre product U XqB 
over B. By Lemma l9!4l there exists a non-empty Zariski-open subset W C Q such that 
^ 1 1/^-1 (w) • '/^^^(W) W is a finite etale covering, and hence proper. Arguing exactly as 
in the proof of Theorem 8.6 in MGreOSal , we conclude that '/'||^-i(w)xF 

: tf>-\W) X F ^ 

71^^ ( W) is likewise proper and therefore finite. 

Let now A C W be an affine open subset. Then, since F is affine and xp is finite, 

^\ip-i{A)xF '■ ^^^i"^) X F ^ n^^{A) is a finite map from an affine variety onto n^^{A). 
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We hence infer from Chevalley's Theorem [Har 77[ III.Ex. 4.2] that the preimage tt ^ (A) 
is also affine. □ 

The following lemma will be used in the subsequent proof of Theorem ll.2[ It is proven 
exactly as Lemma 14^1 

Lemma 9.6. Let X be an algebraic G-variety with categorical quotient n : X ^ Q. Let V be 
a finite-dimensional G-module, let be the sheaf of sections of a line bundle L on Q, and let 
n € N. Then, every section s G H°(Q, 7r*(y ® tt*^®")'^) yields a G-equivariant algebraic 
mapa-.X^V® L^". 

Proof of Theorem [L2l In view of the discussion in Section HI it suffices to show that for 
a finite-dimensional G-module V every section s G H°(Q^7^1'(y O (7r'')*(^'')®")^) 
yields a G-equivariant algebraic map a : U ^ V L®". 

The sheaf ^ := V ® ji*^®n jg ^ coherent algebraic G-sheaf on U. By the Coherence 
Theorem, Theorem 18. 11 (tt*^)'^ is a coherent algebraic sheaf on Q. The analytic sheaf 
= V ® (^jihy* (^^h-^(gin associated with ^ is a coherent analytic G-sheaf on U^, and 
consequently, {n^^^)'^ is a coherent analytic sheaf on Qj^ by the Coherence Theorem 
of IIHH99I . Since Q is projective algebraic, GAGA ||Ser56[ Thm. 3] asserts that there 
exists a coherent algebraic sheaf §f on Q such that [n^l^^)^ = 

It follows from a result of Neeman ||Nee87| (see also Lemma 2 of IINee89l ) that the 
natural morphism V : {^{k^^)'^)^ (n'l^^)^ — is injective. Again by GAGA, the 
morphism v is induced by an injective morphism {n^^)^ ^ of coherent algebraic 
sheaves, i.e., (tt*^)^ is an algebraic subsheaf of 

By Lemma l9.5l there exists a Zariski-open subset W of O such that tt | ^-i (j^) : tz^^{W) 
W is an algebraic Hilbert quotient. From the GAGA Theorem for quotient morphisms 
IINee89l Thm. 8] we deduce that 

(t) ((71,^)^)'^, = {Jzt^'fl^, = 

Next, we consider the exact sequence {n^^)'^ ^ / {n^^)'^ 0. It fol- 

lows from exactness of the (•)''-functor and from the equality ([J]) that (J^/ (7r=^^)'-')''|^/, = 
?^'V((7r*=^)^) 'Iw" = 0- By faithfulness of the (■)'' -functor we conclude that 

(tt) 5^|w = (7r*^)^|w. 

Let now s G H'^ {Q!\ {nl^^)^) = H^{Q^,^^) and cr:X^ V O L®" the corresponding 
G-equivariant holomorphic map, cf. Section HI GAGA says that s G H^[Q,'^). Con- 
sequently, ([U implies that s|w G H°(W, (tt*^)'^). We conclude that the restriction of 
a to n^^{W) is an algebraic map, cf. Lemma l9!6l Since c is a priori holomorphic, this 
implies that it is regular. This concludes the proof of Theorem ll.2[ □ 
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Part III. Applications 

10. Analytic Hilbert quotients and Geometric Invariant Theory 

In general, it is a fundamental problem of Geometric Invariant Theory to find all open 
G-invariant subsets U of a given algebraic G-variety such that a quotient for the in- 
duced action on U exists and has certain prescribed properties. The main result of this 
section, Theorem |10.2l asserts that we do not obtain "more" quotients by considering 
projective analytic Hilbert quotients than by considering linearised Weil divisors in the 
sense of Hausen's generalisation of Mumford's GIT, which we recall below. 

10.1. GIT based on Weil divisors. Here, we summarise the definitions and results of 
l|Hau04|| that we will use in the following. Let X be a normal G-variety and D be a 
G-invariant Weil divisor on X. The graded ^x-algebra A ■= 0„>o ^x{nD) carries a 
canonical G-linearisation, i.e., if a : G x X ^ X denotes the action map, and pr^ : G x 
X ^ X the canonical projection, then there exists an isomorphism cp : <x*A —>■ pr^^ of 
graded i^cxx-algebras such that (p is the identity in degree zero and such that a certain 
cocycle condition is fulfilled, see l|Hau04[ Def. 1.1]. The group G acts on A via its usual 
action on the function field C(X), i.e., g ■ f{x) = f{g^^ • x). For a homogeneous section 
f E A we define the zero set to be Z(/) := supp(div(/) + D). Given a G-linearised 
Weil divisor D as above, a point x G X is called semistable with respect to D if there 
exists an integer n > and a G-invariant / G ^x('^D) such that X \ Z(/) is an affine 
neighbourhood of x on which D is Cartier. The set of all semistable points is denoted 
by X(D, G), or, in case D is Cartier with corresponding line bundle L, by X(L, G). By 
the following result this concept of semistability yields all open subsets admitting a 
quasiprojective quotient space: 

Theorem 10.1 (Thm. 3.3 of l|Hau04|| ). Let a reductive group G act on a normal variety X. 

(1) For a G-linearised divisor DonX there exists a good quotient X(D, G) X(D, G)//G 
with a quasi-projective variety X(D, G)//G. 

(2) If U C X is Zariski-open, G-invariant, and has a good quotient U U//G with 
U//G quasiprojective, then U is a G-saturated subset of the set X{D,G) of semistable 
points of some G-invariant, canonically G-linearised Weil divisor D on X. 

10.2. Analytic Hilbert quotients via G-linearised Weil divisors. As a direct corollary 
of Theorem [L2] and of the results discussed in the previous section, we obtain 

Theorem 10.2. Let Gbea complex reductive Lie group, let Xbea G-irreducible normal alge- 
braic G-variety, and let U C X be a nonempty G-invariant analytically Zariski-open subset 
ofX such that the analytic Hilbert quotient n : U ^ U//G exists. If U//G is a projective 
algebraic variety, then there exists a G-linearised Weil divisor D onX such that U = X{D,G). 
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11. Kahler quotients and Geometric Invariant Theory 

11.1. Momentum maps and analytic Hilbert quotients. Let K be a Lie group with Lie 
algebra 6. Let X be a reduced complex K-space endowed with a smooth K-invariant 
Kahler structure co = {pj}] in the sense of Grauert, cf. IIHHL94L IIGreOSaL A momentum 
map with respect to a; is a X-equivariant smooth map }i : X ^ f.* such that 

holds for every K-stable complex submanifold Y of X and for every ^ G t. Here, 
denotes contraction with the vector field on Y that is induced by the K-action, 
ooy denotes the Kahler form induced on Y , and the function : X ^ R is given by 
= }i{x) (^). We call the action of K on a complex ]<C-space with K-invariant Kahler 
structure co Hamiltonian if it admits a momentum map with respect to oo. 

Let K now denote a compact Lie group and G = its complexification. Then G is 
reductive. Let X be a reduced holomorphic G-space with K-invariant Kahler structure 
CO. We call X a Hamiltonian G-space, if the K-action is Hamiltonian with respect to co. 
Given a Hamiltonian G-space with momentum map }i : X ^ t* , set 

x(^) ■.= {xex \ n fi-^ (0) ^ 0}. 

We call X{}i) the set of semistable points with respect to ji and the G-action. We collect 
the main results about Hamiltonian G-spaces in 

Theorem 11.1 ( IIHL94II . IIHHL94I ). Let Xbea Hamiltonian G-space. Then 

(1) the set X{}i) of semistable points is open and G-invariant, and the analytic Hilbert 
quotient k : X{y.) X{}i)//G exists, 

(2) the inclusion }i~^{0) ^ ^(^) induces a homeomorphism }i^^{0)/K ~ X{]i)// G, 

(3) the complex space X{}i)//G carries a Kahler structure that is smooth along a natural 
stratification ofX{}i)//G. 

An algebraic Hamiltonian G-variety is an algebraic G-variety X such that the associated 
holomorphic G-space X^ is a Hamiltonian G-space. In particular, X^ is assumed to 
carry a iC-invariant Kahler structure. 

11.2. Kahler quotients of algebraic Hamiltonian G-varieties. Using the results ob- 
tained above, we can now give a proof of Theorem ll.il Let us recall the statement: 

Theorem 1.1 (Algebraicity of momentum map quotients). Let G = be a complex 
reductive Lie group and let Xbea G-irreducible algebraic Hamiltonian G-variety with at worst 
1-rational singularities. Assume that the zero fibre f/^^(0) of the momentum map ji : X ^ t* 
is nonempty and compact. Then 

(1) the analytic Hilbert quotient X{}i)//G is a projective algebraic variety, 

(2) the set X{}i) of ji-semistable points is algebraically Zariski-open in X, 

(3) the map n : X{ji) X{ji)//G is a good quotient. 
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(4) there exists a G-linearised Weil divisor D on X such that X{}i) = X{D,G). 

Proof. Part (1) is IIGreOSa l Thm. 1], part (2) is IIGreOSa ', Thm. 2]. Part (3) follows directly 
from Theorem ll.2[ and part (4) is deduced immediatly from Theorem |10.2| □ 

Remarks 11.2. 1.) Note that we cannot apply Theorem 16. II to X(/^), as it is a priori not 
evident that X(^) is an analytically Zariski-open subset of X. However, the proof of 
part (1) in PGre08a| is quite similar to the proof of Theorem l6.1l in Section l62l 

2. ) In IIHMOll the results summarised in Theorem I 1 . 1 1 were obtained for the special case 
of smooth projective algebraic Hamiltonian G-varieties using Hodge theory and ex- 
haustion properties of strictly plurisubharmonic functions. Furthermore, it was shown 
that one can choose D to be an ample Cartier divisor in this setup. We will prove a gen- 
eralisation of this result in the case of semisimple group actions in Section [TL4] 

3. ) In IIGreOSal , an example of a non-algebraic, non-compact momentum map quotient 
of a smooth algebraic Hamiltonian C*-variety was constructed. Hence, there is no 
extension of the result above to the case of non-compact momentum map quotients. 

4. ) See HGreOSal or |Gre09al for basic properties and examples of 1-rational singular- 
ities. The class of complex spaces with 1-rational singularities is the natural class of 
singular varieties to which projectivity results for Kahler Moishezon manifolds gener- 
alise, cf. [Nam02J. Furthermore, it is also natural from the point of view of equivariant 
geometry, since it is stable under taking good quotients and analytic Hilbert quotients, 
see IIGre09al and IIGre09bl . 

5. ) The assumption on the singularites of X is used in IIGreOSal to show that the quo- 
tient X[}i)//G is projective applying the results of Namikawa referred to above. It 
is necessary in order to obtain projectivity: by the example given below there exist 
(necessarily singular) non-projective, complete Kahlerian algebraic varieties. These 
are momentum map quotients for the trivial group action. 

In the following, we construct such an example of a Kahlerian non-projective proper 
algebraic surface. While there exist quite a few constructions of non-projective proper 
algebraic varieties and Moishezon spaces, the author was not able to find a reference 
where the existence of Kahler structures on the resulting examples is discussed. In this 
sense the surface described below, which was first constructed by Schroer, is the first 
example of a Kahlerian non-projective proper algebraic variety. 

Example 11.3. Using the construction described in ||Sch99l Sect. 2] one finds a non- 
projective normal proper algebraic surface X having exactly two singular points Xi,X2 G 
X and a resolution n : X ^ X with the following properties: 

• X is a projective surface; in particular, X is in Fujiki class ^, 

• the exceptional divisors £i and E2 are smooth curves of genus one, 

• El = El = -1. 
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We claim that X is Kahler. According to the main result of | Fu]"83| this follows as soon 



as we can show that the natural map cp : R^/r^^Rj^ B}n^ff^ is surjective. Since n 
is proper, since both sheaves are supported on {xi,X2}, since dimR((R^7r*R^)j.) 



2 and since cp is always injective, see |Fuj83 Prop. 6], it suffices to show that for 



j = 1,2 there exists a strictly pseudoconvex neighbourhood Tj of Ej in X such that 
[Tj, J^Tj) = C. Note that this will show in particular that the singularities of X are 
not 1-rational. Since the problem is local, we will omit the subscript / in the following 
discussion. We may assume that X is a closed subset of C'^ and x = G C'^. Inter- 
secting a small ball centered at with X and pulling back the resulting open (Stein) 
subset to X via n, we obtain a strictly pseudoconvex neighbourhood T of E in X. By 
a fundamental result of Grauert |Gra62[ §4, Satz 1] there exists an mo G such 
that for the mo-th infinitesimal neighbourhood rtioE of £ in X we have [T, Mj) = 
[nioE, M'moE) ■ For any m G consider the exact sequence 

(4) ^*®'" ^{m+l)E '^mE ^ 0, 

where .yV* is dual of (the locally free sheaf associated with) the normal bundle ^ of 



E in X. Since the degree of ^ is negative, we have (£, ^*®'") '^^^ H° (£, ^ 
{0} for every m G N^*^. It follows from the long exact sequence of cohomology asso- 
ciated with @ that Hi (T, ^r) = (mo£, J^^e) = (E. ^e) = C. Hence, we have 
shown that X is a Kahlerian non-projective proper algebraic surface. 



11.3. Finiteness of momentum map quotients. Since the number of Zariski-open sub- 
sets of an algebraic G-variety that admit a good quotient with complete quotient space 
is finite by IIBB98I , Theorem 11.11 implies 

Corollary 11.4 (Finiteness of momentum map quotients). Let G = be a complex re- 
ductive Lie group and let X he a G-irreducible algebraic G-variety with at worst 1-rational 
singularities. Then there exist only finitely many (necessarily Zariski-open) subsets ofX that 
can be realised as the set of ji-semistable points with respect to some K-invariant Kahler struc- 
ture and some momentum map ji : X ^ t* with compact zero fibre }i^^{0). 



11 A. Momentum map quotients modulo semisimple groups. When studying the 
momentum geometry of a Hamiltonian G-space, especially via the gradient flow of the 
norm square of the momentum map, it is a common assumption that the restriction of 
the momentum map to a maximal torus is proper. Note that this is rather restrictive, as 
the discussion in ||Gre08b[ sect. 2.6] shows. In this section, we study the implications 
of the weaker hypothesis that the restricted momentum map has compact zero fibre. 

We will frequently use the following notation: if X is a Hamiltonian X^-space with 
momentum map fi : X ^ t*, and M < K is any closed subgroup with Lie algebra m, 
the composition := o ^ : X ^ m* of with the map zj^ dual to the inclusion 
: m — i- t is a momentum map for the M-action. The corresponding set of semistable 
points (f/yy/(0)) will be denoted by X(^m)- The main result is 
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Theorem 11.5. Let G be a connected semisimple complex Lie group with maximal compact 
subgroup K, and let X be an irreducible algebraic Hamiltonian G-variety with at worst 1- 
rational singularities and momentum map ji : X ^ t*. Let T be a maximal torus ofK such 
that ^j^(O) is non-empty and compact. Then X is projective, we have X = G • X{}Lt), and 
there exists a G-linearised ample line bundle L on X such that X{}ij) = X{L,T^), and if 
X(^) / 0, then X[}i) coincides with X{L, G). 

Proof. The smallest complex subgroup of G containing T is isomorphic to the complex- 
ification of T, and is a maximal algebraic torus of G. We denote by N := Nq{T^) 
its normaliser in G, and note that N is isomorphic to the complexification of Nk{T). 
Furthermore, the connected component Nk{T)^ of the identity in Nk{T) equals T, and 
consequently = T^. The considerations in the proof of Theorem 1 in Section 5.1 
of MGreOSal now show that X{}iNK{T)) equals X{fij), and consequently, that X{}It) is 
N-stable. By Theorem ll.il there exists a good quotient tzjc : X{}It) X(f/T)//T'- with 
projective quotient variety X[}It)//T^- Since G is semisimple by assumption, it now 
follows from |Hau04, Thm. 5.4] that X{}It) = X{L,T^) for some G-linearised ample 
line bundle L on X, that X = G • X{}ij), and that X is projective. 

Since C the quotient X{y.)// G is likewise projective by Theorem ll.il It 

follows from MGHIOI Lem. 2.4] and l|HaLu04| Thms 4.1 and 5.2], respectively, that both 
X(^)andX(L,G) = flgeG^ * ^(i-'T''^) are Tr^-c-saturated subsets of X(jMr) = X{L,T^). 
Let q : X(L, G) X(L, G) //G denote the quotient map. 

Claim. X{ii) is a q-saturated subset ofX{L, G). 

Assuming the claim we are done since then the compactness of X{ji)//G observed 
above implies that X(L, G)//G = q{X{ji)), and hence that X(/^) = X(L, G). 

It remains to prove the claim. If M < K is a compact subgroup with complexification 
H = < = G, and ^ e G is any element, the action of M' : = gMg ^ on X is 
Hamiltonian with respect to the M'-invariant Kahler form {g~^)*co with momentum 
map = Ad*(^) o o g^^ and corresponding set of semistable points X{}i]^i) = 
S ^, (nil, (0)), where H' = {M')^ = ^H^^^. Withthesenotations, wehave X(jM^^^-i) = 
^(FmO = S ' ^(Fm)- Since X(/i) is G-invariant, we conclude that for all ^ € G we have 
X(f<) = X{}igf^g-i) C X{iigjg-i) = g • X{}It) = g • X{L,T^). It remains to show that 
X(^) is ij-saturated in X(L, G) = ClgeG S ' ^(^' ^^)- Suppose on the contrary that there 
exists X G X(f/) such that G-xH X{}i) C G'xnX(L,G). Lety G (G • ;c n X(L, G)) \ 
X{}i) such that G • y is closed in X(L, G). Then, the Hilbert Lemma (see e.g. l|Hau04| 
Thm. 4.2]) asserts that there exists a ^ G G such that (TC '{g'x) n X(L, G)) n G • i/ 7^ 
contradicting the saturatedness oi X{}i) m X{}ij) . □ 

As a consequence of Theorem lll.5l we are now in the position to extend the main result 
of |HM01| to singular varieties in the case of semisimple group actions. 
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Corollary 11.6. Let G be a connected semisimple complex Lie group with maximal compact 
subgroup K, and let X be an irreducible projective algebraic Hamiltonian G-variety with at 
worst 1-rational singularities with momentum map }i : X ^ t*. Then there exists an ample 
G-linearised line bundle LonX such that X{ji) coincides with X{L, G). 



11.5. Momentum geometry versus GIT. Given an ample G-linearised line bundle L 
on a quasi-projective variety X, choosing a compatible Hermitian metric on L gives rise 
to a momentum map }i for a maximal compact subgroup K of G such that X(L, G) = 
X(^). Hence, one might hope that every GIT-quotient of a (quasi-projective) alge- 
braic G-variety is also a momentum map quotient. However, Bialynicki-Birula and 
Swi^cicka [.BBS89,| have constructed a smooth projective algebraic (C* x C*)-variety X 
together with an invariant Zariski-open subset U such that a good quotient n : U ^ 
U// (C* X C*) exists with projective algebraic quotient variety U// (C* x C*) and such 
that there exists no ample linearised line bundle L on X with X^^(L) = U; see also 
IIBH06I Ex. 6.2]. Hence, the results of |HM01| mentioned in Remark 111.21 above imply 
that there exists no (S^ x S^) -invariant Kahler form with momentum map jionX such 
that X{}i) coincides with U. It follows that, given an algebraic G-variety, one can con- 
struct more open subsets with good quotient using Geometric Invariant Theory than 
using momentum geometry. 

Note however that Theorem I 1 . 1 1 above provides a way of constructing interesting Kah- 
ler structures (i.e., ones that do not arise as curvature forms of ample line bundles) on 
GIT-quotients of (quasi-projective) G-varieties. Furthermore, it indicates that it is in- 
teresting to study the variation of the induced Kahler structures, similar to the study of 
variation of GIT-quotients (e.g. see IIDH98I , l|Tha96ll ), beyond the work of Fujiki | Fuj96 1. 



Appendix A. The principal Luna stratum 

Here we prove Lemma [73] in two steps. Let us recall the setup: let G be a connected 
complex reductive Lie group, let X be an irreducible normal algebraic G-variety, and 
let iJ be a G-invariant Zariski-open subset of X such that the analytic Hilbert quotient 
n : U ^ Q exists. Assume that the quotient Q is projective algebraic. Let S := Qprinc 
be the principal Luna stratum. 

Lemma A.l. n^^{S) C X(^) contains a G-invariant algebraically Zariski-open subset ofX. 

Proof. Since Try : Y^^ ^ Q is algebraic (cf. Proposition I6.3L A := 7ry^(S) is Zariski- 
open in Y. Furthermore, by Lemma [7!2l A consists of points whose orbits are closed in 
U. Let W be a Sumihiro neighbourhood of a point x E A and let t/? : W — > P(V) be 
a G-equivariant embedding of W into the projective space associated with a rational 
G-representation V. Let Z be the closure of tp{W) in P(V). Given a Rosenlicht subset 
Ur of Z as in Proposition |3T] Lemma 6.3 of IIGreOSall implies that <S| {xp{A n W)) n LZr 
is constructible in Ur. Therefore, Sq{A n W) n W contains a G-invariant Zariski-open 
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subset U of its closure. By construction, n{A n W) is open in X{}i)// G, and hence, 
n~'^{n{A n W)) n W is an open subset of X that is contained in Sg{A n W) n W. □ 

Proposition A.2. Let G be a connected complex reductive Lie group and X an algebraic G- 
variety. Let Ubea G-invariant Zariski-open subset ofX such that the analytic Hilbert quotient 
n : U ^ Q exists. Let S := Q^^''. Assume that 

(1) Q is projective algebraic, 

(2) every closed orbit in U has a Sumihiro neighbourhood, 

(3) there exists a conjugacy class (H) of isotropy groups of closed orbits in U such that 
(H) < [Gx] for all X eU with closed orbit G • x C U. 

Then 7Z^^{S) is Zariski-open in X. 

Proof. Without loss of generality, we can assume that X = U. Let X = U)li be the 
decomposition of X into irreducible components. Then there exists a jo G {l,...,m} 
such that (H) is the principal orbit type for the action of G on Xj. As a consequence, 
7r^^(S) n Xjg is analytically Zariski-open in Xj^. Furthermore, by Lemma lA.ll it con- 
tains a G-invariant Zariski-open subset Vj^ of Xj^. Set X := X \ (V,(, \ U;/;o ^j)- Then 
either X = X \ ti~^{S), or there exists a closed orbit in X with stabiliser H. In the first 
case, we are done, since X is algebraic in X. In the second case, we notice that X^^ = X, 
that X^^ // G = n{X) C Q is projective algebraic, and that the existence of Sumihiro 
neighbourhoods is inherited by X. We thus proceed by Noetherian induction. □ 
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